B Web Appendix for “A nonparametric dynamic causal model for

macroeconometrics’”: additional results

B.1 Information sets and non-anticipation

The key for potential outcome time series is the non-anticipation of potential outcome Y;(wi.¢) and
treatments, Pr(W|Wi4—1 = w11, Yi.r(e)) = Pr(We[Wis—1,Y1.4—1(Wi4—1)) stated in Assumptions 1
and 2.

Suppose that the treatments are generated with the aid of additional information, Xi.r(e). If
X117 = X1.7(Wy.p) is observed by the econometrician this raises no issues as we can simply augment
the potential outcomes time series to include Xi.7. More precisely, we state this in the following

modified non-anticipation assumption.

Assumption 5 (Extended non-anticipation). For each t > 1, the pair {Y;(wi.7), X¢(w1.7)} satisfies

{Yi(wr.r), Xe(wrr)} = {Yi(wr), Xe(wiy)}, and

Pr(Wi W1, Y7, X1.7) = Pr(We[Wi—1, Y1t (Wi—1), X1a—1(Wii—1))-
We observe {Wy, Y (Wh.t), Xye(Wi.)}. If Assumption 5 holds, then the additional series X;(W7.;) raises
no new issues, we can use our methods to learn about the causal effect of W;_,, on Y; or W;_, on X;.

Example 2. Return to Example 1 but now allow the optimizing decision be:

Wy = argmax E[ max U(Yer(wir), wer) | Yie—1 (Wiie—1), Xia—1(Wie—1), Wig—1 = wie—1], (22)

we Wt41:T

where U is a utility function of future outcomes and treatments. The expectation is over the law of

Yir(e). This decision rule delivers Wy and therefore also delivers {Yy(Wi.4), Xe(W14)}.

A distinct case is where Xj.7(Wi.r) influences the decision maker but is unobserved seen by
the econometrician. This is a natural concern. For example, in estimating the causal effects of
monetary policy, we may worry that the Federal Reserve has access to private information about
future macroeconomic conditions that is unavailable to the econometrician. To deal with this omitted

variables problem, we introduce a stronger assumption.

Assumption 6 (Non-anticipating missing data). Suppose that Assumption 5 holds for each t > 1.
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Additionally assume that X;(e) satisfies, for all wiy € W' and xy,

Pr(Xi(wi) < x| Xip—1(wi—1), Yir(wir)) = Pr(Xp(wie) < ¢ Xii—1(wie—1), Yi:e(wi)).

This says that the potential missing data is only influenced by past potential missing data and past
and current potential outcomes. Hence Y;i1.7(wi.7) does not Granger cause X;(wq.) conditional on
past observed and unobserved data. This is a strong assumption and its plausibility is context depen-
dent — it imposes that private and public information is influencing treatments and then treatments
and public information impact outcomes. Thus the omitted variable does not have its own causal
channel onto outcomes.

If Assumption 6 holds, we are able to show the following important methodological result.
Proposition B.1. Under Assumption 6, Pr(W; < wi|Wi4—1,Y1.1(e)) = Pr(W; < wi|Wiy—1,Y14-1(e)).

Proof. First note that

T
Pr(Xi.r(wir) < 210Yir(wir)) = [[Pr(X(wir) < @ X1-1 (i), Vi (wir)),
t=1
by the prediction decomposition and so
T
Pr(Xi:r(wir) < 21r|Yir(wir)) = [[Pr(X(wig) < 24 X1 (wia), Yia(wi))
t=1

by Assumption 6. Then

1 ° . (e
PI‘(Wt é wt|W1;t,1, Yi;T(.)) (:) EXI:t*l( )|W1't71’Y1'T( ){Pr(Wt S wt|Wlit717 YVI:T(')leztfl(.))}

Q) EXt1 Wi Y2 () [P (W, < 10| Wise_1, Vi1 (0), X1a—1(0))}

B) EXre-1@Wat—1 Vi1 () (Pr(W, < wy|[ W1, Yieeo1(9), X1ie—1(0))}
where (1) holds by iterated expectations, (2) holds by non-anticipating treatments, (3) holds by non-

anticipating missing data. Then the result follows by iterated expectations. [ O

Proposition B.1 implies that if {W;,Y;(e), X;(e)} is a potential outcome time series, and X;(e) obeys
Assumption 6, then {W;, Y;(e)} is a potential outcome time series. Hence the causal methods for W;_,,

on Y; we developed earlier still apply.
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B.2 Section 2.2: general weight functions to weighted causal effects

Example 1 (continued). Interpret Wy to be a scaled change in the Federal funds rate. The possible
changes are W = {—1,0,1} and w = 1,w’ = 0. There is a unique 7y j+(1,0)(0), which is the contem-
poranous causal effect of the change in the Federal funds rate on the unemployment rate. However,
when p = 1 and 74,;4(1,0)(1), there are 9 possible causal effects corresponding to wi—1. equalling
(1,-1), (1,0) or (1,—1) and w,_4., equalling (0,—1), (0,0) or (0,—1). Each examines the impact on
the unemployment rate of a particular path of the Federal funds rate from time t — 1 to time t and
may be interesting in their own right. Our approach is to report a weighted version of these 9 different
causal effects. A simple choice would be to compare (1,1) with (0,0) and (1,0) with (0,—1). This gives

the average causal effect of a rate increase at time t — 1 and time t.

Generally, let Gy_,—1(z, y|w,w") be some conditional probability measure in z,y for scalars w, w’ €

W and in the potential outcomes, fix wj—p = w and w}, , = w’. Then, the general weighted causal

P
effect is

/ ) {Yk,t(wtl)f)ts—p—h Wi—pit) — Yk,t(wgf)ts—p—hwg—p:t)} dG—p—1(W—ji—pt, w/—j7t—p:t|w7w/)7
Wejt—pits Wy ey
(23)
where w_j—pt = (Wij—1,t—ps Wjt1:ny,t—p, Wi—p+1:¢) denotes all elements of w;_p.; except w;;—,. The
general weighted causal effect is a valid causal effect whatever choice of Gy—p—1(z, ylw, w') is made as
it is a weighted average of time-t causal effects.
In this paper, we set Gi—p—1(x,y|lw,w’") = Gi—p_1(x|w)G—p—1(y|w’) for a common conditional
probability measure Gy_p,_1(-|-). That is, the function G;_,_1(z|w) specifies the function Gy_p,_1(y|w’)
as well as the function Gy_,—1(z,y|w,w’). With this restriction, the weighted causal effect can be

decomposed into

T o Y P R LT ) Y L )

This is the difference between the average of the potential outcomes along treatment and counterfactual

path respectively. We focus on one particular choice of the weights Gy—,—1(z|w) given in Definition 7.

B.3 Additional results for section 3: Nonparametric estimator of the CRF

We can extend the results in Theorem 3.1 to provide an unbiased estimator of the causal response

function introduced in Definition 8. We state this in the following proposition.
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Proposition B.2. Assume a potential outcome time series and that Assumption J holds. Then,

B O (0,0 () | Y3551 085 1] = CREp o, w)(p)

Let vy jt—p(w,w')(p) = T je(w,w’)(p) — CRFy j(w,w')(p). This is a martingale difference sequence
with respect to the history of outcomes and treatments up to timet—p—1, Fi_,—1 and the conditional

variance, if it exists, is
Gt gimp(w, ') (p) = Var™ O (v sy (w, 0 ) (p) | Fop1) = BV O,y (w, w) (p) | Fipi]
Proof. Theorem 3.1 implies that, if it exists,

EMY @) (o, ) (D)l g 05y} = EY (EWY“){%k,j,t(m w!)(p) rwff’;pmyfzspl)

= EY®) (7t (w, w') (p) Y75 p—1) = CREy e (w, w') (p).

This gives the first result. Next, the conditional variance result follows as vy ji—p(w,w’)(p) is a

martingale difference sequence with respect to F;_p,_1. U ]

Recall the average weighted causal effect 7 ;j(w, w’)(p) = ﬁ ZtT:p+1 Tk j,t(w, w")(p) introduced

in Section 2. The average of the Horvitz and Thompson (1952) style estimator
1 T
Trj(w,w')(p) = T Z Th,jt(w, ') (p)
p t=p+1

is an unbiased estimator of the temporal average weighted causal effect over the treatment path
holding the potential outcomes fixed. This will not require any additional restrictions on the weighted
causal effects — that is, 7 j+(w,w’)(p) can vary across periods. We state this result in the following

proposition.

Proposition B.3. Assume a potential outcome time series and that Assumption J holds. Then,

EW YO (w,w)(p)] = iy (w, 0 (p).

Moreover, if the moments are such the non-anticipating treatment paths  satisfy

limy o0 ﬁ Zfzp—ﬂ EW|Y(')[nz,j,tip(w, w')(p)] < oo, then 74 ;(p) — 7j(p) 2 0 as T — 0.
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Proof. The first result follows from an analogous argument as in Theorem 3.1.  Next, let
ug,j(w,w')(p) = ﬁZthp+1 u, ji—p(w,w')(p) and then, because uy ;i—p(w,w’)(p) is a martingale

difference sequence from Theorem 3.1,

T
. r o1 .
kg (w0, 0)(p) = Var Oy Tug s w,u)0)) = 5z 30 EYY Ol ') p)]
t=p+1

So, under the assumptions of the proposition, as T — oo, \/Tuk,j(w,w')(p) = Op(1). Since

Th,j(w, w")(p) — T j(w,w")(p) = ug;(w,w’)(p), the second result follows immediately. O O

Next, recall the average causal response function defined as CRF;(w,w')(p) =
ﬁ Z?:p 1 CRFy j(w,w")(p). When we additionally average over the potential outcomes, the aver-
age of the Horvitz and Thompson (1952) style estimator is an unbiased estimator of this object. We

state this in the next proposition.

Proposition B.4. Assume a potential outcome time series and that Assumption 4 holds. Then, if

the moments exist,

EYY O 7 (0, 0) ()] = CRF 1w, 0)(p)-

Moreover, if the moments are such that hmT%ooTL_pZtT:pH IEW')[Clgjtip(p)] < o0, then

Fr.j(w, w')(p) — CRF} j(w,w')(p) & 0.

Proof. The first result follows from an analogous argument as in Proposition B.2.
Next, let vy (w,w')(p) = Tpj(w,w)(p) — CRFy ;i (w,w')(p) and vy (w,w')(p) =
ﬁZ?ZPH Uk jt—p(w,w’)(p). Then, as shown in Proposition B.2, vy :—p is a martingale dif-
ference sequence. And so, note that, if the moments exist,

T 1 &

C_,%,j(w, w')(p) = Vary('){\/ka,j(w,w/)(p)} = T—pT—p EY(®) [Clz,j,tﬂ)(p)]'
t=p+1

Hence, so by the assumptions of the proposition, \/va(w, w')(p) = Op(1) over the non-anticipating
treatment path and potential outcomes as T — oo. Since vy j(w,w')(p) = T4 j(w,w')(p) —

CRFy, j(w,w’)(p), the second result follows. O O
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B.4 Additional results for Section 3.2.3: Nonparametric estimation with contin-

uous treatments

Here we lay out some theory for the kernel estimator in the continuous treatment case. We will only
consider the scalar treatment and outcome cases and so, we drop the subscripts k,j to simplify the
notation.

Write the estimator as

7%t (w, w/) = gt,p;h(w) - gt,p;h(w/)7

where

L(w§’s € [w — h,w + h)

Ft_p(w + h) — Ft_p(w’ — h) '

gt,p;h(UJ) = yt(wff)tsfpfla Wt—p:t)

Define the compensator (which must exist, as we have conditioned on Yj.7(e)) and error

:utapéh(w) = E{gtapéh(w”‘FT,t—P—l}v ut,p;h(w) = gt,p;h(w) - Nt,p;h(w)'

as well as UtQp-h = Var({ugp.n(w) — up pop(w') | Fri—p—1), which again must exist. By construction,
E{ut pon (W) | Frt—p—1], 80 Ut p:p(w) is a martingale difference error with respect to Fr;—p,—1. We intro-

duce notation for the bias of the compensator as
bt pin (W) = pitpsn (W) — E{yt(w(f:bts—p—p Wi—p:t)[Wi—p = w, Fri—p—1}-

Then, bt pp(w) — by pp(w') is the conditional bias of 7(w,w’) for 7(w,w’).
We now characterize this bias by separating out the role of h. To do this, A | 0 and so, the estimator
is approaching the discrete case. To do this, we need the potential outcomes to be sufficiently smooth

in order to define the following objects:

. Gyt(wi’f’f_ —1>w>Wt—p+1:t) . )

Y (w(ljf)tsfpflﬂ w, Wt—P-i-l:t) = P ow , At (’w) = ]E{yt (wff’t‘ipfl, Wt—p:t)|Wt—p = w, ft—p—l}
- 82:’# (wg?ts— W, Wtfp+1:t) - .
(Wi 1w, Wip1) = 0 , o Ae(w) = E{g (wi o Wit Wiy = 0, Frop1 }

Denote conditional density of the treatment and its derivative as

OF;_ . 0*F,_
ftfp(w) = taf:](’w)a ft—p(w) = 51;)2(11])7
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We assume that these exist. Then, as h | 0,

ft p(w) + 1/\t(w)

by pn(w) = h2by p(w), where by p(w) = = {)\ (w )ft S(w) 2 } '

Why? First, from a second-order Taylor approximation, we have that that potential outcome is given

by

) 1 .
Yt (wfbts p—1> Wt—p:t) ~ {yt(w(l):btspla w, Wt—p+1:t) + (Wi—p —w) g, + ) (Wi—p — w)2 yt} : (24)

If Fy_,(w) is twice continuously differentiable (as assumed), then Fy_,(w+h) = Fi_p(w) + hfi—p(w) +
h2f(w)/2, so Fi_p(w+h) — Fy_p(w — h) = 2hf;—p(w) + O(h3). Then, we have that

h h
/udF(Wth;t_l(u) = / ufi(w + u)du

—h —h

Q

h ) h ) 3
ft(fw)/ udu—l—ft(w)/ uzdu:ft(w)%,

—h —h

h ) h ) h ) 243
J T R e U TR e S
Now integrating the right hand side of Equation (24) times ]1(W"b3 € [w+ h,w — h]) with respect to
FWFP‘ Foop delivers the result.

The conditional variance is easier, it is atQ b R afph_l, where
bl ol 2.

o2 — ]E{yt (wlt p— 1 Wiept)[Wip = w, Frp-1} E{yt (wlt p— 17Wt—p:t)|Wt—p:wla}—t—p—l}
b f—p(w) fr—p(w') ‘

obs

Why? From Equation (24), the first order term of the conditional variance of y(w{;’ , 1, Wi—p:t) will
be

obs Fi_p(w+h)—Fi—p(w—h) H1—{Fi—p(w+h)—Ft_p(w—h
E{y? (wil 1. Wiep) Wiy = w0, Fyp } e =il s bty = Fialt O

1—{F; w—+h)—F; w—h
= E{y? (w1 Wipet) [Wi—p = w, Fr—p1} }jpiﬁﬁ)’ﬂfpg’uﬂ ) )} (25)

~ E{yt (wlt —p—13 Wipt)[Wi—p = w, ft*P*1}2hft,p(w)'

The analysis then delivers a traditional bias-variance tradeoff that chooses the bandwidth h to

minimize the mean square error. If we have T observations, then the optimal bandwidth at lag p will
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scale as hy = cprl/ 5 which implies the mean square error falls at rate T~%/°,

B.5 Additional results for section 5: Local projections

In this subsection, we collect a series of additional results that further contextualize local projections

and local projections with an instrument in the context of a shocked potential outcome time series.

B.5.1 Section 5.1: Local projection with observed treatments

The following result shows that the ordinary least squares estimator identifies a time-average of the

k, j-th lag-p time-t causal coefficients if the causal effects are additive but not I-additive.

Proposition B.5. Maintain the assumptions provided in Theorem 5.1. Additionally assume that

D. W;j;_p is a stationary stochastic process and that the auto-covariances of Wj2,t—p are absolutely

n
m=—-n

summable. That is, limy, 00 Y 1Vjm| < 0o with Cov(W?

E. The causal coefficients are absolutely summable with Z?ip—l-l |Bp k] < 00.

. 1 T 5 P
Define B, ), ; = limr_00 T 1 Zt=p+1 Bpkjt- Then, po,ff = Bk

Proof. This proof is adapted from an argument given in Section 12.4 of Theil (1971).

assumptions of Theorem 5.1, the causal regression of Y}, ; on Wj;_, is

Yk>t = + Bp7k7j7tW]7t_p + nk7j7t
Adding and subtracting /Bp,k,j,TWj,t—pv rewrite this as

Yir = @+ Bpk,jrWit—p + Vi 5t where,

Vk,jt = (Bpkgit = B, 7)Wit—p =+ Mk, j.t-

The OLS estimator is then

T —
BOLS _ 2impi1 Vet Wii—p — W)
31V, T T
’ Zt:p+l(Wjat—P - Wj)2

2 — o~
Jit—p? Wjat—p+m) = Yim-

Under the

= BppjT +

60

1 T 2 T 1 T
T—p—1 Zt:p+1(5p7k7jvt - ﬁp,k,j,T)Wj,tfp(Wj,tfp - W) T—p—1 Zt:p-l—l nk,j,t(Wj,tfp - W)
1 T T 1 T — .
T—p—1 Zt:erl(Wjat_p - Wj)2 T—p—1 Zt:erl(Wj,t—p - Wj)2



As in Theorem 5.1, the third term converges to zero as 7y, ;; is uncorrelated with W;;_,. Under the
additional assumptions, the second term converges to zero as well. Rewrite the numerator of the

seceond term as

T T
1 o 1 _
——— > BokiitWitoWisp = W) = Bppjrm———— > Wiap(Wjsp — W5)
T-p-1 t*p—l—l T=p—1 t=p+1

1 1
T p—1 Zﬁp,gt Jt—p VVJT p—1 Zﬁp,d,tw,tp

t=p+1 t=p+1
1 T
t=p+1 t=p+1

Since Wj;_, is a martingale difference sequence, it is serially uncorrelated. Therefore, using Assump-

tion D, a LLN can be used to show

T
1 1 1
T, 1 g Wit—p — A g E[W;i—p] = T, 1 g thp—>0
p t=p+1 p t=p+1 p t=p+1
1 1 a
— § : Bp,e,jt W, — E : Bp e, t B[ Wji— —p| = o E , Bp gt Wit—p 5 0.
T—-p—1 T—-p—1 T 1
p p
t p+1 t=p+1 t=p+1

Next, consider the third term. Using Assumption D, we can also apply a LLN and so,

T

1
2 p 2
T_p_l ZWj7t_p—>o—j
t*p—i—l
o) 2
5p7k7jT —p—1 Z tp%ﬁpkj J:
t=p+1

Finally, consider the first term. Take its expectation and obtain that

EY Z Bpkjit Jtp] T _p_1 p—1 Z B,k JtE ] Z Bp.k ,JtU

t=p+1 t=p+1 t p+1

Now consider the variance

EW[{T p—l Z Bp kit W. git—p Z Bp,e ,Jtag}

t=p+1 t=p+1
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=EV {7 p_l Z Bo kit Wiy = o))}]

t= p+l

T (T - p—l (T—p—1)2 Z Z Bt Boejs BV (W — o) (WP, — 07)]

t= p+ls p+1

:( — 2 Z Z Bp.k.j,tBp,k.j,s Vit—s-

t=p+1 s=p+1

Under Assumptions D, E, this converges to zero. So, with this, apply a LLN to obtain

1
T_p_1 Zﬂpwﬂt —p ﬁzﬂpmﬂta 0.

t p+1 t=p-+1

It immediately follows that T%p_l ZtT:p 11 Bk, W2 * So, we conclude that the second

t—p 7 Ppk,C J
term in the OLS estimator written above converges in probability to zero and the result follows. [

Next, we ask the question: Can local projections be interpreted as providing an additive approxi-
mation to general time-t causal effects? Here we establish one such approximation based on the best
approximation to the causal effects in an L? sense. Following the approach taken in Section 3, we

fix the treatments to follow the observed path wObS

until period t — p — 1. In the next proposition,
we fix the potential outcomes and thereby provide a linear approximation to the possibly non-linear

weighted causal effect in Definition 7. Recall that Fr; denotes the history {wffjts JYi.r(e)}.

Proposition B.6 (Projection of causal effects). Assume a shocked potential outcome time series. Let

Wi = (wi’:bffpfl, Wi_pt) and fix the counter-factual path as wj,, = (w(f?ts,p,pwt—p:t)- Denote

]2Tt p = EW‘Y( )[W]'Q,tfp‘FTyt—P—lL (26)
diojre(p) = EW YO (wis—p1, Weeput) Wjt—p | Fri—p—1], (27)
B i) = dijre(0) /05 14 —ps (28)

@t (p) 1= BV YOy (Wi, ) | Frogpa- (29)

Assume that O']Tt >0 Then,

{alt,T,t(p)v 5Z,j,T,t(p)} = arg ngigl EW IV [{Tt(WI ty WY, ) —a—bWj p} | Fri—p— 1] (30)

)

Br.jr(p) = arg mlHEW‘Y Y (w1, W) — Wt} | Frg—p]. (31)
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Proof. Begin by noting that
EWIY(®) [Th,t (Wit W{:t)u:T,t—p—l] =EVI) [Yk,t(wff’f—p—u Wi—pt)| Fri—p-1] — kat(w??—p—l’ We—pit).
Now let cg s p = Yk7t(w(1)?ts_p_1awt7p:t) and

WY (o) obs obs — 2

Sk,j,T,t,p(aa b) =E {Yk,t(wl:tfpfh Wi—pt) — Yk,t(wl:tfpfh Wi—p:t) —a — bWN—p} |Frt—p—1
(32)

Given Frt_p-1, Cktp it is non-stochastic. Then,

2
Sk,j,T,t,p(% b) = EW‘Y(.) {Yk,t(wtlj?tsfpfh Wt—p:t) - {Ck,t,p + a} - ijvt—p} ’]:T,t—p—l]

) -
=BV {Yk,t(w(lj?ts—p—b Wipit) — ij,t—p} | FTt—p-1

-2 {Ck,t,p +a} EWIY() [Yk,t(w??ts—p—l’ Wt*p:t) - ij,tfp|}-T7t—p—1} + {Ck,up + a}2

r 2
=EVIF® {Yk,t(w(f{)f—p_la Wi—pt) — ij,tfp} | Frt—p—1

2 ey + @} VO Ve, Wep) Py | + {ensp +af?,
where EWIY(®) (Wji—p|Frt—p—1] = 0 as the treatment is a shock. So,

Br.jri(p) = arg min Sk.j1tp(a,b)

2
= arg mbin EVIY(®) |:{Yk,t(w?§)ts—p—17 Wipt) — ij,t—p} ’fT,t—p—1:|

= di (D) /0514y

by a standard derivation of the linear projection coefficient (e.g. see the textbook exposition on pg.

33 of Hansen (2018)). Moreover,

Oék,T,t(P) = arg main ST,t,p(a, b)

WY (e b.
=EYY OV (w0 Wiept) | Fra—p-1| = Chitp-
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As shorthand, we write the approximation®’ defined in Proposition B.6 as

Proj(Yy(wi%_ 1, Weept) | 1, Witps Fri—p-1) = @14 (0) + B j e (0) Wit—p- (33)

In the next proposition, we drop the conditioning on Yi.;(e). The approximation now averages
over both the treatment paths and the potential outcomes. As a result, it now provides a linear
approximation to the causal response function in Definition 8. Again recall that F; denotes the

history {w$b?, Y1.4(e)}.

Proposition B.7. Assume a shocked potential outcome time series. Let Wiy = (wlt Lo 1 Wiz pt)

and fiz the counter-factual path as w., = (wi’f’tipfl,wt_p:t). Assume that

O'j2',t7p = EW’Y(.) [W]%tfp "Ft—p—l}v (34)
dy,jt(p) := EWY () Wit (Wit—p—1, We—pet)Wiit—p | Frep—1), (35)
aZ,t(p) =E"Y [Tk,t(Wlm wllst) ’}-t—p—l] (36)

exist and that sz’tfp > 0. Define: Bz,j’t(p) = dk,j,T,t(p)/Uitfp. Then, assuming the moments exist,

{a;’;t(p), 6Z,j,t(p)} = arg mlgl EWY(*) [{Tt(Wl ) ’wl ) —a— ij,t—p}2 ‘Ft—p—l] (37)

a,

/Bl:,j,t( ) = arg mmEWY [{Y (wl t—p—1> Wipt) — ij7t—p}2 |~7:t—p—1]~ (38)
Proof. Define

2
Sk,j,t,p(a7 b) = EW’Y(.) |:{Yk,t(w(1):btspl7 Wt—p:t) - Yk,t(wtl):btsfpfhﬁt—pit) —a-— ijﬂf—P} ‘ft—p—l]
(39)
and

hip = B O V(w1 B p) Fipor | (40)

Given Fi_p_1, Citp is non-stochastic. Then,

2
Skjipla,b) = EVY(® [{Yk,t(w‘ff’f—p_p Wi—pt) —{cktp +a} — ij,t,p} |ftp1]

20This approximation is defined with respect to the Wi t—p. This connects to common empirical practice. It is straight-
forward to extend this result to a vector of treatments.
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) .
= EW’Y(.) {Yk,t(wff’f,p,l, Wt—p:t) - ij,t—p} |‘Ft—p—1

—2{cktp +a} EW-Y(®) [kat(wtl)f)ts—p—lv Wi—p:t) — ij,t—p’Ft—p—l} + {cktp + a}2

2
— EWY(9) {Yk,t(wf?ts—p—].? Wi—pit) — ij,t—p} | Ft—p—1

— 2{cp1p+a} BV [Yk,t(wff’f_p_p Wt,p;t)|}‘t,p,1} + {crip +a}?,

where EWY(*)(W, ;| F;—p—1) = 0 as the treatment is a shock. So, as in the Proof of Proposition B.6,

we have

Brjt(p) = argmin Sk ;. p(a, b)

2
= arg rnbin EVY(®) [{Yt(wi’f’fpl, Wi—pt) — bWt—p} ‘}—t—p—l}
= dk,j,t (p)/o—]z,t—p

and moreover,

oy (p) = arg main Stpla,b)

=EWY® [Yt(wfgipfp Wipt) [ Ft—p—1| — Ch,t p-

Once again, we write this in shorthand as
Proj(yk,t(wﬁtsfpflv Wt—p:t) |1, Wiit—p, ]:t—p—l) = O‘l:,t(p) + 5z,j,t(P)ijt—p' (41)

If the shocked potential outcome time series is covariance stationary, then the time subscripts on
all of these objects can be dropped, as can be the F;_,_1. Then we can similarly obtain a linear
approximation to the impulse response function following the construction in Proposition B.6 and

Proposition B.7. The result is

Proj(Yi |1, Wii—p) = ap(p) + Br ; (0)Wjt—p, (42)
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where

ai(p) = B O n ], B s(0) = BV O Wy /BT O )L (43)

B.5.2 Section 5.2: Local projection with an instrumental variable

In the existing LP-IV literature, it is typical to consider a weaker assumption than Assumption B
in Theorem 5.2. Instead of assuming that the treatment and proxy are a joint martingale difference
sequences, it is common to assume that the proxy satisfies lead-lag exogeneity. However, this assump-
tion alone is not sufficient to identify a dynamic causal effect in the potential outcome time series

framework. We formalize this in the following proposition

Proposition B.8 (LP-IV with lead-lag exogeneity). Assume a proxy potential outcome time series

as in Definition 13 and additionally that
A. The causal effects are additive, given in Definition 6.
B Treatment and proxy satisfy:

1. Treatment is a shock, given in Definition 10.
2. EW’W[WSWt] =0 for s #t.

3. EYW(Yy(w1)Wi—p) = 0, for p > 0.
C. EW’W[WtWS] and EY’W[Y}(th)Wt_p] exists for known non-stochastic counterfactual path.

D. EWVWWi, W] = Liyy.

Then, for p > 0,

A

EVWWY (W) Wie—p) = Bpejits- (44)
Proof. The proof proceeds as before in Theorem 5.2. 0

From Proposition B.8, we make the following remarks.

1. Assumption B2 is typically referred to as “lead-lag exogeneity” in the existing literature. It is
not sufficient to identify the causal coefficient in the potential outcome time series. Without

further assumptions, we are left with
EY’W7W[Yk,t(W1:t)Wj,t—p] = Bp,k,j,t’Yj + EY’W[n(wlzt)Wt—p]a (45)

which is not causal.
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2. Assumption B3 is an additional, necessary restriction that is required to causally interpret the
LP-IV estimand. Assumption B in Theorem 5.2 implies that Assumption B2 and Assumption

B3 in Theorem ?? hold. This is stated in Lemma 5.1.

3. Assumption B3 is a restriction on the joint distribution of the unobserved counterfactual and the
proxy. As a result, it is a difficult assumption to verify in applications. Consider the monetary
policy shock example. If W, is a proxy for the monetary policy shock, Assumption B3 requires

that the proxy be uncorrelated with the counterfactual unemployment rate at time t¢.

Proposition B.8 illustrates the value of the potential outcome time series framework as we have
used it to identify a condition that is missing in the literature and is necessary for the causal validity
of LP-IV under existing assumptions.

We now ask — what does the IV estimator identify if the causal effects are additive but not I-
additive?

Proposition B.9. Maintain the assumptions provided in Theorem 5.2. Additionally assume that
E. (Wj,t,p,Wj,t,p) are jointly stationary.

F. The causal coefficients are absolutely summable with Z?ip—l-l |Bp k.t < 00.

Then, the IV estimator identifies B;,k,j as T — oo. That is,

T -
Zt:p+1 Yk,tVVjvt*p D %

T 2 p:k,j°
Et:p+1 Wj,t—ij,t—p

Proof. The argument is analogous to Proposition B.5. Under the assumptions of Theorem 5.2, the

causal regression of Y, on Wj;_, is

kat = /Bp7k7]7tW]7t_p + nk:jzt'

Add and subtract Bp’k,jo7t_p to write

Ykzt = /prkJW]vt_p + {(Bp7k7j7t - szkzj)ijt_p + T]kujvt}'

Consider the numerator of the IV estimator

1 T _ 1
— > Vi Wisp = ﬁp,k,j{T_i

T
t=p+1

t=p+1
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T
1 _ R
t E (Bpkgit = ok )Wit—pWii—p
T=pr=1 =p+1

1
T p— 1 Z Mkt W],t —p-
t=p+1

Under Assumption E, apply a LLN to the first and third terms to get

1
5p, ,]{ —p—1 Z WJtPWJtp} pk ,g'YJ
t= p+1
— ! I Z Mot Wit—p = 0.
—r- t=p+1

Consider the second term. Assumption F is sufficient to conclude that

1
T _p_1 Z Bp e,jt Wit~ PWJ»t P —>ﬁ, GV
p t= p+1
1
T—p—1 Z Bpkgit Wit— pWJt p_>5 i Vi
t=p+1
As a result, the second term also converges in probability to zero. The result follows. ]

Notice that in this result, we still restricted that the correlation between the proxy Wj,t and the
treatment W;; to be time invariant — that is, EW’W[Wj,tWN] = v; does not depend on ¢. This may be
a reasonable assumption for empirical applications of the LP-IV method. For example, consider the
example in Stock and Watson (2018) in which high frequency changes in the rates on Federal Funds
futures contracts are used to proxy for the monetary policy shock around policy announcements. It
may be plausible to assume that the quality of this proxy does not vary over time but the effects of

monetary policy on real outcomes (such as unemployment) varies.

B.6 Monte Carlo simulations

In this section, we conduct a simple Monte Carlo simulation to assess the performance of the non-
parametric estimator of the weighted causal effect that is used in the empirical application in Section
6.

The Monte Carlo exercise is as follows. Let Bk,j,p denote the estimated coefficients from the local

projection estimator described in Section 6.1 and let Wj,t_p ~ N(4,6?), where 4, 52 are the parameters
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governing the distribution of the observed treatments that are estimated via maximum likelihood. Note
that treatments are assumed to be independent across time periods. We simulate outcomes from the

following moving average model
Ylgt = Bkyjygﬁ/ﬁt + Bk,j,lwﬁt—l + ...+ Bk,j,PWﬁt—P forb=1,...B, (46)

where P denotes the maximum horizon of the causal effects and B is the number of simulations. To
match the local projection estimator, we set P = 24. Note that the simulated outcomes have I-additive
causal effects with causal coefficients given by the estimated local projection coefficients Bk,j,p' As a
result, the weighted causal effects are known and simply equal the causal coefficients.

To assess its performance of the non-parametric weighted causal effects estimator, we estimate the
non-parametric weighted causal effects estimator described in Section 6.2 on the simulated data for
treatment W = 0.1 and counterfactual W’ = —0.1. In particular, we construct the bandwidth using
the heuristic discussed in Section 3.2.3, which approximates the bias and variance of the estimator
under the assumption of additive causal effects. If the estimator performs well, we would therefore
expect that the estimated weighted causal effect 7 ;(w,w’)(p) would be roughly equal to Bk,j,p /5. To
check this, we conduct the Monte Carlo simulation for B = 10,000 and for each outcome series used
in Section 6. The results are summarized in Figure 3 below, in which we plot the average estimate
of the weighted causal effect across all simulations as well as Bk,j,p/ 5. As can be seen, the weighted
causal effect estimator is approximately unbiased at each horizon. We additionally plot the 2.5% and

97.5% quantiles of the estimated weighted causal effects.
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Figure 3: Monte Carlo simulation results. Notes: The solid black line plots the true causal coeflicients

divided by 5 that are used to simulate the data.
weighted causal effect 7y ;(w,w’)(p) for p = 1,...,24 across 10,000 Monte Carlo simulations. The
dotted red lines plot the 2.5% quantile and the 97.5% quantiles of the estimated weighted causal

effects.
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